Abstract: Plasmonic nanostructures can concentrate light and enhance light-matter interactions in the subwavelength domain, which is useful for photodetection, light emission, optical biosensing, and spectroscopy. However, conventional plasmonic devices and systems are typically optimized for the operation in a single wavelength band and thus are not suitable for multiband nanophotonics applications that either prefer nanoplasmonic enhancement of multiphoton processes in a quantum system at multiple resonant wavelengths or require wavelength-multiplexed operations at nanoscale. To overcome the limitations of "single-resonant plasmonics," we need to develop the strategies to achieve "multiresonant plasmonics" for nanoplasmonic enhancement of light-matter interactions at the same locations in multiple wavelength bands. In this review, we summarize the recent advances in the study of the multiresonant plasmonic systems with spatial mode overlap. In particular, we explain and emphasize the method of "plasmonic mode hybridization" as a general strategy to design and build multiresonant plasmonic systems with spatial mode overlap. By closely assembling multiple plasmonic building blocks into a composite plasmonic system, multiple nonorthogonal elementary plasmonic modes with spectral and spatial mode overlap can strongly couple with each other to form multiple spatially overlapping new hybridized modes at different resonant energies. Multiresonant plasmonic systems can be generally categorized into three types according to the localization characteristics of elementary modes before mode hybridization, and can be based on the optical coupling between: (1) two or more localized modes, (2) localized and delocalized modes, and (3) two or more delocalized modes. Finally, this review provides a discussion about how multiresonant plasmonics with spatial mode overlap can play a unique and significant role in some current and potential applications, such as (1) multiphoton nonlinear optical and upconversion luminescence nanodevices by enabling a simultaneous enhancement of optical excitation and radiation processes at multiple different wavelengths and (2) multiband multimodal optical nanodevices by achieving wavelength multiplexed optical multimodalities at a nanoscale footprint.
Introduction
Plasmonic devices and systems based on bottom-up synthesized or top-down fabricated metal nanostructures can be used to enhance light-matter interactions at nanoscale in physical, chemical, and biological systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . For example, plasmonic nanocavities and nanoantennas have shown unique capabilities for ultrasensitive detection and analysis of chemical and biological species [8] [9] [10] , collection and concentration of light in nanoscale optoelectronics and nonlinear optics devices [2] [3] [4] [5] [6] [7] , localized photothermal intervention of cells or cellular networks [11] [12] [13] [14] [15] , and optical generation of hot carriers in photocatalytic processes [16] [17] [18] [19] . For some of the directions being pursued with plasmonic nanostructures, such as the spontaneous downconversion photoluminescence and refractive index based nanooptics sensing, single-resonant enhancement of light-matter interactions in one wavelength range is sufficient. Nevertheless, there are applications that prefer a multiresonant plasmonic enhancement of light-matter interactions at nanoscale in multiple wavelength ranges ( Figure 1 ) such as those benefiting from a simultaneous enhancement of both excitation and emission rates in multiphoton parametric nonlinear processes [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] as well as in multiphoton upconversion (UC) luminescence processes [32] [33] [34] , or those requiring wavelength-multiplexed multimodal operations at nanoscale [35] [36] [37] . To address such multiband nanophotonics applications, we need to go beyond the conventional single-resonant plasmonics and advance to multiresonant plasmonic systems. On the basis of the mode hybridization strategy [38, 39] , it is possible to create multiresonant plasmonic systems based on closely assembled plasmonic building blocks, in which the associated elementary modes in the building blocks can strongly interact to form multiple new hybridized plasmonic modes at different wavelengths with spatial mode overlap. We refer to this type of plasmonic systems as "multiresonant plasmonic systems with spatial mode overlap" (Figure 1 ), which are able to achieve nanoscale enhancement of light-matter interactions in multiple different wavelength ranges at the same locations.
In this review, we aim to present an overview of the theoretical background and experimental demonstrations of "multiresonant plasmonic systems with spatial mode overlap" and discuss the implications and opportunities in this research direction. The manuscript is organized as follows: Section 2 summarizes the basic concepts related to the different types of localized and delocalized plasmonic modes, the mode hybridization theory, and geometrical symmetry effects. In Section 3, we will introduce three general strategies for the design and creation of multiresonant plasmonic systems with spatial mode overlap by exploiting optical coupling between (1) two or more localized modes, (2) localized and delocalized modes, and (3) two or more delocalized modes in different types of plasmonic building blocks. Finally, Section 4 is dedicated to the discussion of current and potential applications that can benefit from the multiresonant enhancement of local optical fields in multiple wavelength ranges at the same locations.
Fundamental concepts
By closely assembling several plasmonic building blocks into a composite plasmonic system, it is possible for their associated elementary plasmonic modes to strongly interact with each other and thus generate multiple new hybridized modes at different resonant wavelengths with spatial mode overlap. In this section, we briefly review the physics governing elementary surface plasmon modes in different types of plasmonic building blocks and their optical interactions. We begin by a short explanation of elementary plasmonic modes in the several types of basic building blocks, including propagating surface plasmon polariton (SPP) modes at extended continuous metal-dielectric interfaces, localized surface plasmon (LSP) modes at confined nanoscale metal-dielectric interfaces, and delocalized Bloch plasmonic modes (or lattice plasmon modes) in periodic metal-dielectric nanostructures. Then, we give a brief discussion of plasmonic mode hybridization. Finally, we explain the effects of the geometrical symmetry on the optical properties of plasmonic systems.
Propagating SPP modes at continuous metal-dielectric interface
SPPs are evanescent electromagnetic surface waves propagating at an extended continuous metal-dielectric interface where the real part of the dielectric function changes sign [40] . The simplest structure that can sustain SPP waves is a single and flat interface between a lossless dielectric half-space and a metal half-space ( Figure 2A ). By the optical coupling between elementary modes (e.g. LSP modes, SPP modes, and Bloch modes) in different types of plasmonic building blocks, it is possible to design and create "multiresonant plasmonic systems with spatial mode overlap" that can support multiple plasmonic modes with strong local field enhancements at same locations in multiple different wavelength ranges. Potential applications regarding multiresonant plasmonics include (1) multiphoton nonlinear optical nanodevices that can enhance both excitation and emission rates in multiphoton nonlinear processes or in multiphoton upconversion luminescence processes and (2) wavelength-multiplexed optical nanodevices that can achieve multimodal optical operations at nanoscale using multiple spectral bands.
In such case, only transverse magnetic (TM) SPPs are allowed [44] , and the SPP dispersion relation is as follows:
where β is the SPP wavenumber, k 0 is the free space wavenumber, ε d is the dielectric relative permittivity, and ε m is the metal dielectric function. As revealed by Equation 1, SPPs carry larger momentums than free-space photons and thus can achieve the subwavelength confinement of optical fields beyond the diffraction limit. However, for optical excitation of SPPs, we need to bridge this momentum mismatch between photons in the free-space and SPPs at planar metal-dielectrics interface using methods such as prism coupling, grating coupling, and near-field coupling by nanostructured geometries [44, 45] . As there are both radiative and nonradiative losses for SPPs propagating at the metal-dielectric interface, the wavevector of SPP modes is a complex number. While the radiative losses of SPPs are mainly associated with the scattering by nanoscale surface roughness, their nonradiative losses mostly originate from the intraband and the interband damping of the SPP-excited conduction band electrons in the metal. In general, the dispersion properties of SPPs can be engineered either by choosing different metal and dielectric materials (and thus their optical constants) or by the optical hybridization with other plasmonic modes in the neighboring building blocks (more discussion will be given in the Subsection 2.4).
LSP modes in individual metal nanostructures
LSPs are associated with the collective oscillations of conduction band electrons in coupling with surface EM fields in confined nanoscale metal-dielectric interfaces ( Figure 2B ) [41, 46] . This confinement, which can be threedimensional (3D) as in nanoparticles or nanovoids or twodimensional in the case of nanowires or nanogrooves, causes charge accumulations of opposite signs on metallic surfaces. This leads to the formation of amplified electric fields in the nanostructure near-field zone. Similarly, induced electric oscillation currents can induce localized magnetic fields at plasmonic nanostructures. Intuitively, LSPs can be considered as standing wave SPP modes at metal-dielectric interfaces in confined nanostructures, and therefore, it is possible for the same metal-dielectric nanostructures to support multiple LSP modes with different (standing wave) orders at different wavelengths in optical wavelength range. However, high-order LSP modes typically have a dark multipolar nature and thus cannot interact with free-space light effectively [47, 48] . In contrast, the lowest-order LSP mode (in analogy with the ground state in a quantum system) has an electric dipolar Particle plasmon  Electron-hole pair   Intraband   damping Interband damping [41] . (C) Delocalized Bloch-SPP modes in the metal thin film perforated with periodic nanohole arrays [42] .
(D) Delocalized out-of-plane lattice plasmon modes in Au nanoparticle arrays [43] .
nature and thus can effectively interact with the freespace light in both excitation and scattering processes. Compared with SPPs, LSPs can induce much more concentrated charge accumulations because of the nanoscale geometric confinement, which results in larger amplitude of oscillating electric currents, larger near-field enhancement factors for both electric and magnetic fields, and larger nonradiative damping rates (or lower resonant quality factors). LSPs can decay through radiative channels (scattering) by conversion to photons and nonradiative channels (absorption) because of the creation of electron-hole pairs ( Figure 2B ) [41] . As the simplest nanoplasmonic system, a subwavelength metallic nanosphere can support the electrical dipolar LSP mode [44] with the scattering cross section (C sca ) and the absorption cross section (C abs ) expressed as follows:
where k 0 is the free space wavenumber, a is the sphere radius, ε d is the dielectric relative permittivity, and ε m is the metal dielectric function. From these two equations, we can see that while radiative decay is the major loss mechanism for LSPs in larger nanoparticles, nonradiative decay dominates for smaller nanoparticles. By tailoring the geometries (e.g. size and shape), materials at nanoscale metal-dielectric interface, and optical interactions with other plasmonic modes, it is possible to control both far-field and near-field characteristics of LSPs.
Delocalized Bloch plasmonic modes in periodic metal-dielectric nanostructures
Periodic dielectric structures called photonic crystals can support Bloch photonic modes, which can be considered as the electromagnetic analogue of Bloch electron waves in the periodic atomic crystals [49] . Similarly, periodic metal-dielectric nanostructures can support Bloch plasmonic modes delocalized over the whole lattice system under the Bloch boundary condition. Compared with Bloch photonic modes in a dielectric system, Bloch plasmonic modes can induce much higher local optical field enhancement factors as well as larger optical losses as a result of the collective coupling between surface EM waves in the dielectric medium and surface charge density waves in the metal nanostructures [50] . On the basis of the Bloch theorem [49] , the electric and magnetic field of a Bloch plasmonic mode can be expressed in the form of ( / ) ( ),
r u r where  k is the Bloch wavevector and ( )  k u r is the periodic envelope function with the periodicity of the lattice constant. Analogous to Bloch photonic modes in photonic crystals, Bloch plasmonic modes in periodic metal-dielectric nanostructures can exhibit dispersive band structures that determine the dependence of its mode resonant energy on its wavevector (momentum) [51] (Figure 2C and D) . Therefore, the optical properties of periodic metal-dielectric nanostructures, which can support not only localized plasmonic modes but also delocalized Bloch plasmonic modes, can be very different from their individual unit cells, which only support localized plasmonic modes.
Periodic metal-dielectric nanostructures can be constructed in a large variety of designs with many degrees of freedom in choosing geometry and material parameters. However, depending on geometric continuity of the metaldielectric interface across the boundary of unit cells, there are two basic types of periodic metal-dielectric nanostructures: (1) periodically modulated continuous metal surfaces, and (2) periodic arrays of discretized metal nanostructures.
Periodically modulated continuous metal surfaces, such as one-dimensional (1D)/two-dimensional (2D) opaque metal gratings and metal thin films perforated with periodic arrays of nanoholes ( Figure 2C ), can support the so-called SPP-Bloch modes at the continuous metaldielectric interface. By adding the grating momentum to bridge the momentum mismatch between photons and SPP-Bloch modes, the excitation condition of SPP-Bloch modes in a periodic structure can be described by the Bragg coupling equation || , + =    k G k where  G is a reciprocal lattice vector and ||  k is the in-plane wave vector of the incident light [51] . In the past two decades, numerous experimental and theoretical studies on the optical properties of the periodic nanohole arrays in the opaque metal film have revealed that the excitation of Bloch-SPP modes on both sides of the metal film can mediate the extraordinary optical transmission process observed in such system [42, 51, 52] .
Unlike periodically modulated continuous metal surfaces, periodic arrays of discretized metal nanostructures with a large dielectric spacing, such as 1D arrays of metal nanowires and 2D arrays of metal nanoparticles ( Figure 2D ), do not support SPP-Bloch modes because of the large deviation from the continuous metal-dielectric interface boundary conditions of the unit cell. Instead, they can support collective lattice plasmon modes mediated by the diffractive coupling between LSP modes in individual metal nanostructures [53] . In an intuitive picture, the lattice plasmon modes in periodic metal nanoparticle array can be induced when the grating order is changed from radiative to evanescent so that the optical energy scattered by one nanoparticle can be collected by neighboring nanoparticles as collective lattice plasmons instead of decaying as free-space light [54] [55] [56] . Coupled dipole theory has predicted that strongly coupled nanoparticles in onedimensional arrays can produce extremely narrow lattice plasmon resonances by suppressing radiative loss [57] . Experiments have reported that two polarization types of lattice plasmon resonances can exist in two-dimensional arrays of gold and silver nanoparticles: (1) the in-plane lattice plasmon modes mediated by in-plane dipolar interactions between unit cells [58] [59] [60] [61] and (2) the out-of-plane lattice plasmon modes mediated by out-of-plane dipolar interactions between unit cells [43, 56] . From the framework of Bloch theorem, lattice plasmon modes can be considered as a type of surface Bloch mode composed of many Bloch harmonics in periodic arrays of discretized metal nanostructures and also can exist in transverse electric polarization mode mediated by in-plane dipolar interactions as well as TM polarization mode mediated by out-ofplane dipolar interactions. A recent study has shown that out-of-plane lattice plasmon modes in 2D Au nanoparticle arrays exhibit dispersive quality factors associated with the highly dispersive nature of such TM Bloch mode [43] . As the dispersion curve of the out-of-plane lattice plasmon modes evolves from a stationary state to a propagating state, the nonradiative loss decreases because of weak local field confinement, whereas the radiative loss increases because of strong coupling to the leaky zero-order Bloch harmonic component [43] .
Mode hybridization
The previous sections have introduced SPPs, LSPs, and Bloch lattice plasmons as elementary plasmonic modes supported in different types of building blocks. By putting two plasmonic building blocks very close to each other, their elementary modes with similar resonant energies can exert EM forces and exchange EM energy with each other through very intense near-field EM interactions. In such situation, we call these two elementary plasmonic modes "coupled" with each other, and two new "hybridized" modes form at modified resonant wavelengths that have mutually mixed far-field and near-field optical characteristics. In order to achieve a strong coupling between modes, three conditions need to be satisfied for the participating elementary modes: (1) spectral overlap of mode resonant energies, (2) spatial overlap of mode profiles, and (3) the nonorthogonality between the modes.
If we model the interacting plasmonic modes as mechanical oscillators with attenuation coefficients γ 1 and γ 2 ( Figure 3A) , the coupling strength (g) between the two modes can be treated as the constant of spring connecting the two oscillators [62, 68, 69] . Therefore, the coupling strength between the two plasmonic modes determines the energy exchange rate between them. As illustrated in the phase diagram in Figure 3B , depending on the relative values of the decay constants of each mode (γ 1 and γ 2 ) with regard to the coupling strength (g), the interaction between the two plasmonic modes can be in the weak coupling regime (when |g | = | γ 1 |, or |γ 2 |) or in the strong coupling regime (when |g | ? | γ 1 |, and |γ 2 |). Some important phenomena in the weak coupling regime include Fano resonance [62, [68] [69] [70] [71] (red region), electromagnetically induced transparency [62, [72] [73] [74] (red region), and Kerker effect [62, [75] [76] [77] (red and white regions). Fano resonance shows an asymmetric spectral line-shape with a sharp change between a dip and a peak. Microscopically, it arises due to the constructive-destructive interference between a narrow-linewidth discrete mode (such as dark high-order plasmonic modes and diffraction lattice plasmon modes) and a broad-linewidth mode (such as an electric dipole mode or a background continuum) [78] . In the model of two coupled oscillators, Fano resonance happens when only one of the oscillators (the one with the larger damping) is driven by the external force [62] . Electromagnetically induced transparency can be considered as a special case of Fano resonance in which, the two oscillators have the same resonance frequency [62] . Kerker effect is the directional scattering due to the interference of the electric and magnetic dipole modes' independent responses to the external field in the limit of vanishing direct coupling. In this case, both oscillators are driven, and the damping rate ratios can be arbitrary [62] . In the strong coupling regime (blue region in Figure 3B ), the energy exchange rate between the two coupled oscillators is much larger than the energy leaking rates, and thus, two new hybridized eigenmodes can form with their resonance frequencies shifted away from those of the original uncoupled modes. The modification of eigen-energies, which are associated with the new hybridized eigenmodes of different charge distribution profiles, is called "Rabi splitting" or "Autler-Townes splitting" ( Figure 3C ) [62, 63, 67, 74] . As expected, the amount of energy splitting between new hybridized modes strongly depends on the amount of spatial mode overlap between interacting fundamental modes in the plasmonic building blocks [63] . So far, several types of numerical and analytical methods have been developed to analyze the plasmon coupling effect [38, 39, [79] [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] . Introduced by Peter Nordlander's group as an electromagnetic analog of the molecular orbital hybridization theory [38, 39] , the method of "plasmon hybridization" can provide an intuitive microscopic picture to treat the plasmonic modes in composite plasmonic nanostructures as the hybridized modes from the elementary modes in its plasmonic building blocks [64, 91] (Figure 3C and D) .
On the basis of the localization nature of the elementary modes in the building blocks, there are three general scenarios to form new hybridized modes in a composite plasmonic system: (1) from the coupling between two or more localized plasmonic modes; (2) from the coupling between two or more delocalized plasmonic modes; and (3) from the coupling between localized and delocalized plasmonic modes. For example, the elementary SPP modes at the multiple interfaces in metal-insulator-metal (MIM) composite thin films can interact with each other to form multiple hybridized SPP modes, whose dispersion curves will shift away from those of their elementary modes ( Figure 3E ) [44, 65, [92] [93] [94] [95] . The inset of Figure 3E depicts the mode profiles of two hybridized SPP modes, respectively, with symmetric and antisymmetric distribution of their field components [65] .
Effects of geometrical symmetry
An object can have a symmetry when there is a geometrical transformation under which it is mapped to itself. Also, it is called to have an antisymmetry if the object only change sign upon a transformation [96] . In general, when the geometry of a plasmonic system is symmetric under a specific geometrical transformation, its modes can be defined such that all of their components (electric field, magnetic field, and charge and current distribution) are either symmetric or antisymmetric with respect to the same transformation [97] .
By reducing the geometrical symmetry of a composite plasmonic system that consists of multiple building blocks, it is possible to modify the optical characteristics of supported modes and then improve the multiresonant optical response of the system via the following effects: (1) lifting-off the energy degeneracy of the supported modes [66, 97] [63] . (D) Schematic illustration of the analogy between the plasmonic mode hybridization and molecular orbital hybridization [64] . (E) Dispersion curves for the symmetric and antisymmetric modes of a MIM slot waveguide based on silver and SiO 2 (100 nm thickness) [65] . The inset shows the E x profiles at λ = 410 nm. (F) Plasmon energy vs. aspect ratio for the solid prolate spheroid and the prolate cavity systems. The solid and dashed lines represent longitudinal and transverse polarizations, respectively [66] . (G) The energy diagrams regarding LSP hybridization in concentric (left) and nonconcentric (right) nanoshells [67] .
between the elementary modes for an effective mode hybridization [67] ( Figure 3G ), and (3) increasing the radiative decay rates of the supported dark modes for optical excitation under the free-space light illumination [97] . The first scenario can happen when the high symmetry in the initial plasmonic system results in some degenerated modes at the same resonant energy with identical field profiles (as well as charge distributions) but with different polarization directions. The second scenario can happen when some elementary modes in the building blocks are initially orthogonal to each other and thus cannot interact with each other despite having spatial and spectral overlap. The last scenario can occur when the plasmonic mode initially have an opposite symmetry of fields with the incident free-space light.
How to build multiresonant plasmonic systems with spatial mode overlap?
On the basis of the above discussions, we can generate several guidelines for the design and creation of a composite plasmonic system that can support multiple hybridized plasmonic modes with spatial mode overlap. First, the composite system should be carefully designed using building blocks that support elementary modes with similar resonant energies to have the required spectral mode overlap for a further effective mode hybridization. Second, the building blocks of the composite plasmonic system should be closely packed to each other so that the elementary modes can spatially overlap and hybridize. For non-orthogonal modes, the higher this spatial mode overlap is, the higher the hybridization strength will be. Third, the symmetry of the composite plasmonic system can be reduced in order to lift-off the energy degeneracy of supported modes and allow a higher nonorthogonality between elementary modes for their effective hybridization. Finally, the symmetry and the orientation arrangement between the composite plasmonic system and incident free-space light should be carefully considered so that the supported modes in the system are not so dark to prevent an effective interaction with the free-space light. This can be done either by making their net electric or magnetic dipole moments nonzero (via nonsymmetric geometry design for high order modes) so as to induce an electric/magnetic field component in the direction of their net electric/magnetic dipole, by a near-field coupling with a bright plasmonic mode, or by introducing the phase retardation. In this section, we review how to achieve multiresonant plasmonic systems through the optical coupling between elementary modes in their plasmonic building blocks. By considering the localization nature of the elementary modes before hybridization, we can broadly categorize into three basic types of multiresonant plasmonic systems on the basis of the optical coupling between (1) two or more localized modes, (2) localized and delocalized modes, and (3) two or more delocalized modes. More complex designs by combining two or all of these strategies are also possible.
Coupling between two or more localized plasmonic modes
In multiresonant plasmonic systems based on the optical coupling between two or more localized modes, the building blocks are closely located metal nanostructures that support LSPs as elementary modes for mode hybridization. According to the arrangement of the nanoparticle building blocks, the multiresonant systems using the localized-localized mode coupling strategy can be classified into three subgroups: (1) in-plane composite nanostructures, (2) core-shell composite nanostructures, and (3) out-of-plane composite nanostructures.
In-plane composite nanostructures
In-plane composite nanostructures consist of metallic nanoparticles or nanovoids (continuous void pieces carved in metallic films) as the plasmonic building blocks in a planar arrangement close to each other. In-plane composite nanostructures can be classified in terms of the number of the nanoparticles or nanovoids that form them. A structure that is composed of n nanoparticles (or nanovoids) is called a n-mer (usually read in the Greek system) nanostructure. In this regard, these structures are also generally called "metallic oligomer clusters." Several types of in-plane composite plasmonic nanostructures with various number, shape, and arrangement of the nanoparticles have so far been reported in the literature. Monomers are the simplest type of in-plane nanostructures. They consist of only one metallic nanoparticle (or nanovoid) that can support several plasmonic modes depending on their geometric symmetry. In more complex oligomers (dimer and above), the LSP modes related to adjacent nanoparticles (or nanovoids) can hybridize with each other through near-field optical interactions. Properties of the hybridized modes depend on the nature of the individual building block modes, the number of nanoparticles or nanovoids, and their arrangement with respect to each other. In-plane composite plasmonic systems typically can support multiple in-plane modes with a net in-plane polarization. As the current distributions related to in-plane modes are also in-plane, their associated magnetic multipole moments are out-of-plane and typically cannot be excited by the in-plane magnetic field component of the normally incident light. Moreover, as there is no phase retardation between light and different in-plane building blocks under the normal light excitation condition, these in-plane modes can be excited by the electric field only if they have a nonzero net electric dipole moment. Without an optimized design to reduce the geometrical symmetry of the in-plane oligomer systems, inplane multipolar high-order modes can be very dark and thus can hardly be observed from the far-field optical measurements [97] [98] [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] [110] [111] . Here we first examine monomer, dimer, and trimer cases and then, discuss higher-order oligomer systems.
There exist several examples in the literature in which monomer systems are reported to display multiresonant behaviors [34, [112] [113] [114] . Yet, because of the following reasons, they are not generally considered to be appropriate for the tasks that require a multiresonant response under the free-space light excitation. First, symmetries in the system can make most high-order multipolar modes very dark under the normal incident light. Second, resonant wavelengths of individual modes cannot be tuned independently by geometric engineering because of their standing wave-like nature. Finally, without a tight optical field confinement in the MIM nanogaps, the field enhancement of modes in plasmonic monomer nanostructures is usually much smaller compared with plasmon modes in MIM nanogaps.
When two plasmonic monomers get close to each other, they can form plasmonic dimer nanostructures. By introducing MIM nanogaps between two monomers, new hybridized bonding mode can be supported as a type of gap plasmon modes with very large enhancements of both electric fields (also sometimes magnetic fields) inside the MIM nanogap [23, 39, [102] [103] [104] [105] [106] [115] [116] [117] [118] [119] [120] [121] [122] [123] [124] [125] [126] [127] . Upon proper design, dimer structures can achieve multiresonant response with spatial mode overlap [23, 105, 106, 116-120, 122, 123, 125-127] . Figure 4A illustrates an example of such systems. This nonsymmetric heterodimer consists of a V-shaped gold antenna with an arm length of 180 nm coupled to a 125 nm nanorod-shaped gold nanoantenna through a gap of ~17 nm. The width and thickness of the V-shaped nanoantenna and the nanorod are 30 and 40 nm, respectively [23] . As can be seen from the scattering spectra, the composite dimmer plasmonic nanoantenna can support three major plasmonic modes at 780 (V 2 A ), 910 (V 2 B ) and 1560 nm (V 1 ); modes V 2 A and V 2 B are, respectively, the antibonding and the bonding modes resulted from the first-order longitudinal mode of the nanorod hybridized with the x-polarized electric dipole mode of the V-shaped nanoantenna. Also, V 1 resonance is almost the same as the fundamental y-polarized electric dipole mode of the V-shaped nanoantenna coupled weakly to the nanorod electric dipole mode. As shown in Figure 4B -D, all of these three modes correspond to an electric field enhancement in the gap ensuring their spatial overlap. , disk (black), symmetric ring/disk (red), symmetry-broken ring/disk (green) at normal incidence, and ring (dotted light gray) at grazing incidence [106] . (F, H, K) Logarithmic electric field enhancement colormaps at the indicated resonances in parts E, G, and J [106] . The range for each figure is from 1 up to the maximum enhancement (white number).
An important subtype of plasmonic dimer nanostructures is core-shell ring-disk nanostructure. Plasmonic modes of a cylindrical metallic ring (shell) can be regarded as a result of hybridization between the plasmonic modes of a metallic cylinder and those of a metallic cylindrical void [115] . Yet, not every two modes can hybridize with each other. Because of the selection rule imposed by the system circular symmetry, only the modes that have the same multipolar order are nonorthogonal and can hybridize with each other [106, 118] . Also, thickness of the shell is the main factor determining the strength of hybridization such that thinner shells lead to stronger hybridizations. Please note that unlike split-ring resonators, ring systems do not support any magnetic plasmonic mode. Figure 4E shows the extinction cross section spectra of a gold ring with D out = 350 nm, D in = 200 nm, and thickness of 50 nm [scanning electron microscopy (SEM) image is shown in the inset] [106] . It can be seen that while the ring shows a series of multipolar (dipole, quadrupole, and octupole) modes under the oblique incidence (dotted light gray curve), only the dipole mode has been excited for the case of the normal incidence illumination (solid dark gray curve). The reason is that because of symmetry effect, quadrupole and octupole modes are not allowed to be excited for this case. The corresponding charge distributions for the multipolar modes are shown in the inset. Electric field amplitude enhancements corresponding to each of these modes for the oblique incidence case ae shown in Figure 4F . It is seen that for all three modes, we get a small electric field enhancement near the outer and inner walls of the ring. This reveals that, with this illumination condition, the ring system acts as a multiresonant system with partial spatial mode overlap. On the contrary, it does not show a multiresonant behavior under the normal incidence illumination.
The efficiency of the ring system (in terms of its electric field enhancement factors) can be increased by putting a disk at its center ( Figure 4G ). Here, the disk diameter is chosen to be D disk = 150 nm (SEM is shown in the inset). Also, the black, the grey, and the red curves represent the disk, the ring, and the ring/disk systems extinction spectra under normal illumination, respectively. In such case, the ring and the disk plasmonic modes hybridize with each other. Again, because of circular symmetry, only the modes with the same multipolar order can hybridize. Specifically, the electric dipole mode of the disk (shown in the inset) off-resonantly hybridizes with the bonding and antibonding electric dipolar modes of the ring, giving rise to a superradiant (high-energy) hybrid mode and a subradiant (low-energy) one for which the charge distributions are shown in Figure 4G inset. Figure 4H depicts the electric field amplitude enhancements for the disk electric dipole mode and the two concentric ring/disk system modes. It is seen that the maximum enhancement is 12 and 22 for the ring/disk superradiant and subradiant modes, respectively. These values are higher compared with the maximum enhancements in both of the single ring and single disk systems electric dipole modes, which have the enhancement factors of 9 and 10, respectively. Also, it is evident that both modes give the maximum enhancements inside the gap ensuring that the ring/disk system modes spatially overlap.
Performance of the ring/disk system can be further improved by breaking the structure symmetry. Such improvement is achieved through making possible the excitation of high-order dark modes through Fano interference with superradiant modes. Because of having long decay lifetimes, these dark modes can store larger electromagnetic energy and thus usually correspond to large field enhancements. A demonstrative example of this argument can be found in Figure 4J . Here, the green curve represents the extinction cross section of a similar ring/ disk system as Figure 4G but with its symmetry broken by offsetting the ring and disk centers (gap of 8 nm). In addition, the red and the dotted grey curves correspond to the concentric ring/disk under normal incidence and the ring under oblique incidence angle, respectively. Comparing these curves clearly reflects excitation of the ring high-order modes for the nonconcentric system. In this case, unlike the concentric system, the selection rules allow hybridization of the modes with a different multipolar order leading to each of the ring modes interacting with all of the disk modes. Modes in each of ring and disk systems can also indirectly interact with the modes in the same system. Accordingly, dark high order modes of the ring off-resonantly couple to the superradiant mode because of which they can be excited in this geometry. Interference of these modes with the superradiant mode is the reason for the existence of the observed Fano resonances in the nonconcentric ring/disk system extinction spectra in Figure 4J . Charge distributions related to each of the nonsymmetric system modes are shown in the Figure 4J inset. It is notable that at Fano interference wavelengths, the charge distribution in the disk is not purely dipolar anymore, and instead, it resembles a quadrupolar charge distribution. Such deviation is due to interference of high-order disk modes that get excited through coupling to the superradiant mode. Figure 4K depicts the electric field enhancement colormaps related to each of the non-oncentric ring/disk system modes. It is obvious that while the spatial mode overlap is maintained, the enhancements are significantly larger with the maximum of 100, 36, and 43 for subradiant, quadrupole Fano, and octupole Fano resonances, respectively. Thus, the system performance as a multiresonant system with spatial mode overlap has significantly improved.
Trimers form when three nanoparticles are arranged in the proximity of each other. In this case, the three nanoparticles can be arranged in a linear style or a circular style. Figure 5A shows a linear heterotrimer system composed of three interacting nanorod-shaped aluminum nanoantennas with the respective arm lengths of 50, 50, and 170 nm and the same gap separations of 20 nm [21] . The width and height of the nanoantennas are both 40 nm. In Figure 5A , the dashed green curve represents the enhancement factors of electric field intensity at the center of the right gap, and solid orange line shows that of the left gap. From these curves, it is clear that we have multiple resonances in the field enhancement inside each of the gaps, indicating that the system has spatially overlapped modes. This is also evident in the electric field intensity colormaps of Figure 5B and C, which correspond to λ = 400 nm and λ = 800 nm, respectively. The main reasons for the system having multiple resonances are equal size of the two gaps and their proximity (because of rather small arm length of the middle nanoantenna), which allow their corresponding modes to interact and hybridize with each other. Equal size causes the two gap modes to have a high overlap in the spectral domain. Also, spatial proximity causes them to have a high overlap in the spatial domain. Please note that in this example, if the left nanorod has the same length as the right one, the structure will become centrosymmetric. In such centrosymmetric condition, high order modes can become very dark, and the system will lose its multiresonant behavior. This is the case that happens for the linear trimer structure reported by Wang et al. [128] . In this system, the antibonding magnetic mode does not get excited because it has a zero net electric dipole moment.
In circular trimers, when the electric dipole modes in individual nanoparticles interact in a bonding manner, they can collectively support an oscillating loop current. This causes their fundamental plasmonic mode to have a nonzero magnetic dipole moment. If the nanoparticles (or nanovoids) have similar geometries and also the system is equilateral, the system will become centrosymmetric, as a result of which, net electric dipole moment of this mode reduces to zero and it becomes purely magnetic. Thus, it cannot be excited by the normal incident light [97, 101] . However, if the light illumination is off-normal, it can be excited by coupling to the out-of-plane magnetic field of the incident light. Also, if the centrosymmetry is broken by violating either of the stated conditions, the mode net electric dipole moment will become nonzero, and it can also be excited by normal excitation. Figure 5D shows a plasmonic trimer system composed of three adjacent nanoparticles in an equilateral arrangement [101] . The near-field electric field enhancement factor of the system at the designated gap points P 1 and P 2 is shown in Figure 5E . Here, dashed curves are related to the x-polarized normal incidence condition, and solid curves are related to the x-polarized tangential light illumination (as in Figure 5D ). Under normal illumination, only the electric dipole mode with E′ symmetry character (left schematic in Figure 5D ) gets excited. Accordingly, the field enhancement at both P 1 and P 2 points only shows a single resonance with a Lorentzian line shape. The enhancement factor is much stronger at (A) Schematic illustration and the spectra of near-field electric field intensity enhancement at two nanogaps in an asymmetric trimer with a linear arrangement [21] ; (B, C) The near-field distribution maps of electric field intensity enhancement at (B) λ = 400 nm and (C) λ = 800 nm [21] . (D) Schematic illustration and (E) the spectra of electric field at two nanogaps in a trimer system with a circular arrangement under two different polarization conditions of incident light [101] .
P 2 , which is inside the electric dipole gap, though. Under tangential illumination, in addition to the electric dipole mode, the magnetic dipole mode with 2 A′ symmetry character (right schematic in Figure 5D ) can also get excited through coupling to the incident light magnetic field [97] . In this case, as shown in Figure 5E , the electric field at the point P 1 gets prevailed by the dominantly large response of the magnetic dipole mode although it still shows a rather large enhancement factor at the electric dipole mode resonance wavelength. However, at the point P 2 , both of the modes have a comparable field strength. Accordingly, the relatively narrow magnetic dipole optical response interferes with the electric dipole broad response to create a Fano-like resonance behavior with two peaks and a transparency window between them. In the tangential illumination case, the plasmonic trimer system is effectively acting as a multiresonant system with spatial mode overlap that can induce resonant near-field enhancement of electric field over two broad spectra regions at its nanogap positions. It has been demonstrated that through breaking the trimer system symmetry (for example, by making it isosceles instead of equilateral), it is possible to make the magnetic dipole mode net electric dipole moment nonzero, thus having a multiresonant system with spatial mode overlap even for the normal illumination condition [101] .
As the number of nanoparticle or nanovoid building blocks further increases (beyond three) in the plasmonic oligomer system, the number of elementary modes in the building blocks as well as their hybridized modes in the composite oligomer system rapidly grows. Despite a more complicated optical response for these high-order oligomers, the physics behind the mode hybridization in them is the same as the simpler dimer or trimer systems. Although these higher-order oligomer systems can support more hybridized modes, many of these modes are not optically active under free space light illumination because their high-order multipolar nature makes them very dark [22, 26, 97, 107, 108, 129, 130] .
Core-shell composite nanostructures
Core-shell composite plasmonic nanostructures consist of multiple metal-dielectric core and shell layers. Intuitively, they can be considered as the 3D version of the 2D planar ring/disk plasmonic nanostructures. Similar to a planar plasmonic nanoring, plasmonic modes in a spherical metallic nanoshell originate from the hybridization between elementary plasmonic modes in a metallic sphere and a metallic spherical void. Thickness of the shell determines the strength of hybridization such that a thinner shell results in stronger hybridization [38, 39, 131] . As schematically shown in Figure 3G , these hybridizations are governed by a selection rule imposed by the spherical system with a rotational symmetry; only modes with the same multipolar order (l) can hybridize with each other [38, 67, 131] . While the bonding mode has a large net electric dipole moment and is a bright mode, the antibonding mode has an electric quadrupolar nature. With a sufficiently large shell thickness, the antibonding mode will also have a net electric dipole moment [67] , but this dipole moment will vanish as the shell thickness gets infinitely small [132] . By offsetting the inner shell from the center of the outer shell, we can break the rotational symmetry of the core-shell system and relax the selection rule to allow effective hybridization between the elementary modes in the nanosphere and nanoshells ( Figure 3G ). Such a lowersymmetry core-shell system is called a "nanoegg," which can support a larger number of hybridized modes than its concentric counterpart. In such "nanoeggs," dark and narrow-linewidth hybrid high-order modes can couple to the wideband dipolar modes and thus become bright. Such interaction between dark and bright modes adds several Fano-like resonances to the spectra [67, 131] . As many of these hybrid modes cause a field enhancement in the dielectric core, such core-shell plasmonic nanostructures show a multiresonant optical response with spatially overlapped modes. Another way to reduce the rotational symmetry of core-shell systems is to increase its aspect ratio [66, 131] . In this case, as illustrated in Figure 3F , the degeneracy between the longitudinal and transverse modes gets lifted, and consequently, the number of modes in the system gets doubled under transverse and longitudinal polarization directions. Yet, despite the apparent increasing of the system resonances, this method of symmetry breaking is not very effective to achieve spatial mode overlap between modes with different polarization directions.
By placing a metallic nanosphere close to a plasmonic nanoshell, we are able to create a heterodimer composite system, where the nanosphere plasmonic modes hybridize with those of the nanoshell. Just like a single nanoshell, rotational symmetry in the system causes the hybridization to be only possible between the modes with the same multipolar order [133] . As we have three interacting surfaces in this case, we get three hybrid modes for each multipolar order. Two of these three modes are the bonding and antibonding modes resulted from the hybridization between the nanosphere mode and the nanoshell bonding mode. Also, when the shell is thin, the third hybrid mode is almost the same as the original nanoshell antibonding mode as, because of symmetry effects, it does not hybridize with the nanosphere mode. Accordingly, the number of modes in a sphere-shell system is 3/2 that of a single shell structure. Usually, only the lowest order hybrid modes (l = 1) are bright, and thus, we only get up to three resonances in practice. By breaking the system rotational symmetry, the selection rule for mode hybridization can be relaxed, and many dark high-order modes can become bright through coupling to the bright and wide dipolar modes. Thus, like the nanoegg case, several Fano-like resonances get added to the system spectra. As many of these modes can induce a large optical field enhancement in the gap, the heterodimer composite nanostructure can serve as a multiresonant plasmonic system with spatial mode overlap. The second case of two nanoparticle core-shell systems is the concentric nanoshell nanostructure [38, 39, 131] . Such system can support four hybridized modes per each of the multipolar orders, which come from the interactions between two elementary modes in the inner nanoshell and the other two in the outer one. In general, the number of modes in a core-shell system can be increased with the total number of metal-dielectric interfaces in the system. Many of these modes are able to provide large optical field enhancements in the dielectric gap layers.
Out-of-plane composite nanostructures
So far, we have talked about the localized-localized coupling strategy based on core-shell and in-plane composite nanostructures to achieve a multiresonant plasmonic response with spatial mode overlap. In this subsection, we will discuss about out-of-plane composite nanostructures as a multiresonant plasmonic system. A common type of out-of-plane composite plasmonic system is based on multilayered MIM nanostructures consisting of alternative stacks of metal and dielectric (insulator) layers [134] [135] [136] [137] [138] [139] [140] [141] [142] [143] [144] [145] . Figure 6A shows the energy diagram for a MIM nanocavity composed of two closely spaced metallic slabs under the normal incidence light illumination with polarization along the x-axis [146] [147] [148] . The hybridization of the elementary electric dipole modes in the individual metallic slabs results in a high-energy antibonding mode with an electric dipole nature and a low-energy bonding mode with a magnetic dipole (or electric quadrupolar) nature. Figure 6B shows the simulated scattering and absorption spectra for a single-gap MIM nanocavity. Two major resonances are clear in the far field spectra; the first one is the antibonding electric dipole mode resonance showing a broad peak in the scattering spectra and a very small peak in the absorption spectra around 615 nm, which gets excited by the electric field of the incident light. The second one is the magnetic dipole mode resonance showing narrow peaks in both of the scattering and absorption spectra at the wavelength of λ Fund = 876 nm. It is seen that these two modes show a weak Fano-like interference behavior in the scattering spectra. This Fano-like behavior is much stronger if we consider the forward and [146, 147] .
(A) The energy diagram, (B) the far-field scattering and absorption spectra, and (C) the near-field distribution maps of electric and magnetic field intensities at the magnetic plasmon resonant wavelength for a MIM structure with a single dielectric gap. (D) The energy diagram, (E) the far-field scattering and absorption spectra, and (F-G) the near-field distribution maps of electric and magnetic field intensities at the anti-bonding resonant wavelength (F) and the bonding resonant wavelength (G) for a MIMIM structure with two dielectric gaps.
backward scattering behavior rather than the total one (figure not shown here). The near field colormaps of the electric and magnetic dipole modes in Figure 6C reveal a significant near-field enhancement of electric fields at the gap edge and magnetic fields at the gap center. Despite providing large electric and magnetic field enhancements by the magnetic dipole mode, such MIM system cannot serve as a multiresonant system with spatial mode overlap. The reason is that the field enhancements are very weak inside the gap at the electric dipole mode resonance wavelength ( Figure 6A ). The solution to this problem is to create another nanocavity above the first one by switching to a three-metal-layer system as shown in Figure 6D . In this way, the elementary magnetic dipole modes in each of the MIM cavities can hybridize with each other to form new bonding and antibonding modes. For the bonding mode, the two elementary magnetic dipoles are aligned in the opposite directions, which gives this mode a magnetic quadrupolar nature and makes it very dark as revealed in Figure 6E . For the antibonding mode, the elementary magnetic dipoles are aligned in the same direction, which gives this mode a magnetic dipolar nature and makes it brighter as shown in Figure 6E . Weak Fano-like interference between the electric dipole mode, magnetic dipole mode, and magnetic quadrupole mode is also evident in the scattering spectra for this case. Please note that the amount of splitting depends on the strength of magnetic dipoles interaction, which can be easily controlled by the middle metal thickness. The two other important parameters that can be used to control the resonance wavelengths are the gap thicknesses and the metal diameters. Figure 6F and G show a significant near-field enhancement of both bonding and antibonding modes in nanogaps. These observations prove that the two-gap MIM system has spatially overlapped large-field enhancements at two tunable wavelengths.
As we can control the multiresonant optical response of the out-of-plane composite nanostructures by simply engineering out-of-plane geometric parameters of individual building blocks, such designs provide some unique opportunities compared with conventional inplane plasmonic engineering approaches [143] . First, the vertical arrangement of MIM building blocks results in a nanoscale footprint and a nanoscale volume of such multiresonant devices. Second, by sharing the metal layer between neighboring MIM building blocks in the vertical stack, the out-of-plane arrangement can enable efficient transport of heat or charges between neighboring building blocks triggered by light excitation at multiple different wavelengths. Third, it is much easier to control the outof-plane geometric parameters at nanoscale (i.e. thin-film thicknesses) than to define in-plane geometric features by lithography-based processes. Finally, we can incorporate layers of different functional materials (e.g. phase change materials, luminescent materials, and nonlinear optical materials) in different MIM building blocks in the vertical stack, which opens the opportunities to create multiband multifunctional photonics nanodevices.
Coupling between localized and delocalized modes
In this section, we will review multiresonant plasmonic systems that support hybridized modes formed by the optical coupling between elementary localized modes and delocalized modes in their building blocks. In general, the localized modes can be LSPs associated with metal nanoparticles, while the delocalized modes can be plasmonic Bloch modes in periodic metal-dielectric nanostructures, surface diffraction modes of the grating structure, or SPP modes at the continuous metal-dielectric interface.
Coupling between LSP modes and plasmonic Bloch modes
Large arrays of periodic metal-dielectric nanostructures can support both LSP modes and delocalized plasmonic Bloch modes [149] [150] [151] [152] [153] [154] [155] . Compared with a periodically nanotextured continuous metal-insulator interface (e.g. metal nanohole arrays and 1D and 2D metal gratings), arrays of MIM multilayered nanostructures can support a richer set of optical properties because of the interplay between LSP modes and plasmonic Bloch modes at different metal-dielectrics interfaces. Extensive studies have been carried out to understand the optical response of 1D periodic arrays of MIM nanocavities [149, 151, 153] . Figure 7A illustrates a 1D array of MIM nanocavities that consist of gold nanowire arrays (periodicity of d x = 500 nm) on top of a 20 nm thick silver film with a SiO 2 spacing layer (thickness L sp = 20 nm) illuminated by a TM plane wave at the normal angle [149] . Absorption spectrum (shaded gray area) of the system in part B reveals that the system has two resonances in the wavelength range of interest, each of which correspond to a resonance in the transmission spectra (black solid line) with a Fano line shape. The reason for the emergence of these Fano resonances in the transmittance spectra is the interference of the plasmonic modes scattering in the backward direction, which correspond to discrete resonances with finite linewidth in the spectral domain, with the normal transmittance through the silver film (dashed curve in Figure 7B ) that can be considered as a continuum. From numerical analysis, it gets revealed that the two plasmonic resonances come from the hybridization between elementary localized modes associated with individual nanowires and delocalized plasmonic Bloch modes at periodically modulated metaldielectric interface. In particular, the localized mode itself is a magnetic dipole mode (it also has an electric quadrupole moment) as a result of out-of-phase coupling between the electric dipole modes in the isolated nanowires and their image dipoles in the silver film. As shown in near field enhancement colormaps of the electric and the magnetic fields ( Figure 7C) , both of the two modes carry localized and delocalized features of nearfield profiles, indicating their microscopic nature as the hybrid modes from the coupling between localized and delocalized modes. In particular, the localized features of both modes resemble that of the magnetic dipole mode in a MIM nanocavity, for which, maximum electric field enhancements happen at the gap edges and maximum magnetic field enhancement occurs at the gap center. For both modes, the spatial period of field amplitude at metal-dielectric interface is half of the grating period, which reveals their delocalized nature associated with plasmonic Bloch mode with a grating order of ±1 at the Brillouin zone edges. As both modes show field enhancements in nanogap regions, such periodic 1D MIM nanostructures can serve as multiresonant plasmonic systems with spatial mode overlap. By altering the nanostructure geometries and the structural periodicity of the system, it is possible to tune and match the resonance wavelengths of elementary localized and delocalized modes to achieve the required spectral mode overlap. By tailoring the SiO 2 spacer layer thicknesses, we can control the coupling strength between elementary localized and delocalized modes and thus modulate the energy splitting between the two hybridized modes. Despite easy design of 1D periodic MIM nanocavity arrays, their 1D translational symmetry imposes restrictions on the allowed excitation polarizations and directions to achieve multiresonant response. The solution is to use 2D arrays of MIM plasmonic nanocavities that not only avoid such constraints but also provide additional tuning parameters (e.g. lattice symmetry and nanostructure shape) to engineer their optical properties [150, 152, 154, 155] . Figure 7D illustrates an example of such systems [150] . Here, the substrate is a 100 nm gold film and the spacer layer is a polymethylmethacrylate thin film that has a thickness of t = 60 nm and refractive index of 2.16. Also, the top grating layer has a periodicity of a 0 = 400 nm and is made of gold nanodisks with a diameter of d = 150 nm and thickness of h = 40 nm. By angle-resolved reflectance measurements, the band structure of supported optical modes in the 2D MIM plasmonic nanocavity array has been experimentally determined, which also shows a good agreement with the calculation results ( Figure 7E ) [150] . It is seen that at each k || value, there is a sharp switch between dark and bright regions, which is indicative of Fano-type resonance. The reason for this type of behavior is the interference between the light scattered from the plasmonic modes (which correspond to discrete resonances with finite linewidth) and part of the light reflected from the metal film that can be considered as a continuum in the spectral domain. In addition, the calculated E-k dispersion diagram reveals that the localized plasmon mode and the delocalized Bloch SPP mode can induce an anticrossing behavior when they are strongly coupled with each other. By comparing the near-field optical properties of the guided and LSP modes from when there was no coupling to when there was relatively strong hybridization in the anti-crossing region (four different points in Figure 7F ), we can see that the hybridization between localized mode and delocalized Bloch mode will result in mixed near-field characters with a very large local field concentration in the gap as well as a 10-fold higher field enhancement surrounding the insulator layer across the entire unit cell [150] .
Coupling between LSP modes and diffraction modes
In a plasmonic nanoparticle array system, LSP modes can interact with diffraction surface waves to increase the local field enhancement. Figure 8A depicts a system composed of a single bow-tie nanoantenna surrounded by periodic arrays of metallic disks [156] . The bow-tie antenna aims to provide plasmonic enhancement of optical fields in its gap, while the periodic arrays can further diffractively collect light over a large area and funnel it into the bow-tie antenna at specific wavelengths. To this end, the system is designed such that the broad gap plasmon mode (electric dipole mode) in the bow-tie nanoantenna spectrally overlaps with diffraction modes in the periodic nanodisk arrays (compare blue and red curves in Figure 8B ). Furthermore, the nanodisk arrays can be posited in a radial arrangement around the bow-tie antenna to increase the polarizationindependent response. Figure 8B reveals that the local (A) A single bow-tie nanoantenna (two sections of a disk with radius of 2.2 μm, opening angle of 45°, and central gap of 100 nm), surrounded by three periodic arrays (with periodicities of 3.6, 5.7, and 7.2 μm) of metallic disks (with diameters of 1.8, 2.85, and 3.6 μm, respectively). All elements have a thickness of 70 nm and are deposited over a BaF 2 substrate that is transparent in the mid-infrared regime. The bow-tie antenna can couple with the metal particle arrays grating diffraction modes. (B) Simulated electric field intensity enhancement spectrum at the center of the bow-tie antenna at the center of the grating system (red curve) as well as in the isolated state (blue curve).
optical field intensity in the gap can be highly resonantly enhanced at different wavelengths. Under the free-space illumination, the central bow-tie antenna broad gap mode can be excited through two pathways: (1) direct excitation by the incident wave (continuum) and (2) indirect excitation by the diffraction wave from the periodic disk arrays (discrete resonances). Depending on whether two excitation pathways constructively or destructively interfere, we can see subsequent peaks and dips (Fano line shape) in both far-field absorption spectra of the system and near-field enhancement spectra at the gap region of the bow-tie antenna ( Figure 8B) . By controlling the periodicity of the disk arrays and geometry structure of the bow-tie antenna, we can easily tune the multiresonant response of such system.
Coupling between delocalized modes
In this section, we briefly discuss the strategy to build multiresonant plasmonic systems through the optical coupling between delocalized plasmonic modes based on rainbow trapping effect in graded grating structures [157] [158] [159] [160] [161] . Figure 9A and B represent a width-graded rainbow trapping 1D plasmonic nanograting structure [161] . We can consider each groove unit as a lossy Fabry-Perot resonator supporting SPP standing waves bouncing back and forth between the two silver side walls. Depending on the groove width, the free-space light only at certain wavelengths can satisfy the phase matching condition and effectively excite SPP standing-wave modes in an individual groove resonator. By putting together large arrays of grooves with different widths side by side, the heterogeneous groove resonator array system can support multiple coupled SPP modes and get excited by the free space light under multiple wavelengths. Moreover, the graded design of the groove widths can result in width-dependent gradient of refractive index for coupled SPP modes in the lateral direction across individual grooves in the system and then cause a build-up of optical fields and energy in the center region with increased refractive index ( Figure 9B ). Thus, the graded grating system can act as a multiresonant plasmonic system to induce strong local field enhancement at multiple different wavelengths, as shown in Figure 9C -E. 
Potential applications enabled by multiresonant plasmonics
Multiresonant plasmonic systems with spatial mode overlap can enhance light-matter interactions at multiple different wavelengths in the same nanolocalized hot spots. Accordingly, they can be uniquely used for two categories of applications either (1) by enabling simultaneous enhancement of both optical excitation and optical emission processes at multiple different wavelengths or by (2) achieving wavelength multiplexed optical multimodalities at nanoscale footprint. In what follows, we elucidate each of these categories in more details.
Multiresonant plasmonic enhancement of both pumping and emission processes
In optics, frequency conversion has long attracted a great deal of attention spawning a variety of applications in information technology, sensing, and optoelectronics [162] [163] [164] [165] [166] [167] [168] [169] [170] [171] . Several frequency conversion optical devices have been demonstrated so far. These optical devices operate on the basis of several nonlinear optical processes, in all of which, some incident (pumped) photons at one or several frequencies are absorbed, and one or several photons with frequencies different from the original ones are emitted.
Depending on their mechanisms, many of these nonlinear optical processes have inherently small efficiencies because of either or both of multiphoton absorption and emission probabilities being low, especially when the pumping rate is low [5, [172] [173] [174] [175] [176] [177] [178] [179] . Plasmonic systems have been demonstrated to be a considerable solution to alleviate these limitations and enhance the fast nonlinear optical processes. In general, plasmonic systems could cause two types of enhancements for a nonlinear optical process: excitation enhancement and emission enhancement. Excitation enhancement is achieved through increasing the photon absorption rate via generating large field enhancements at the fundamental wavelengths. Conversely, emission enhancement is obtained by increasing the emission decay rate (Purcell effect) as well as altering the emission quantum yield [174, 179, 180] via increasing the local density of optical states. In the existing literature, most of the plasmonic systems that have been utilized to enhance nonlinear optical processes are single resonant [179] . Such devices have been proven to be very efficient for enhancement of single-photon nonlinear optical processes in which the frequency difference between the input and output photons is small (like Raman and down-conversion fluorescence) [181] [182] [183] [184] [185] . The reason is that plasmonic modes are wide, and thus, both of excitation and emission processes can usually be enhanced by a single mode. However, single-resonant plasmonic devices are usually far less efficient to enhance multiphoton nonlinear optical processes such as sum and difference frequency generation and (multiphoton) UC luminescence. The reason is that in such processes, the frequency difference between the input and output photons is often large, because of which, one mode is not sufficient to enhance both of them simultaneously. The solution to resolve this issue is to use multiresonant plasmonic systems with spatial mode overlap that are capable to enhance every single photon absorption or emission step in a multiphoton nonlinear optical process. In the following subsections, we give short descriptions about parametric nonlinear optical processes and up-conversion luminescence. Also, we discuss the mechanisms through which they can be enhanced using multiresonant plasmonic systems with spatial mode overlap.
Parametric nonlinear optical processes
Electromagnetic waves interact with materials via displacing of their electrons through the electric and magnetic fields. In classic electromagnetics, such interactions are quantified using electric and magnetic susceptibilities, which express the induced electric and magnetic dipole moment (or polarization) densities, respectively [85, 176, 178] . Normally, for a certain material, the electric susceptibility is a constant and does not depend on the field intensity. Yet, when the electric field is large, as can be the case for the lasers, electric susceptibility (or refractive index, equivalently speaking) gets modified according to the field strength; i.e. it becomes nonlinear. Such nonlinearity, which is called a parametric nonlinearity if the susceptibility is a real value [176] , can be described by a Taylor series expansion of the polarization density in terms of the electric field. In this regard, linear effects are described by χ (1) , which is a unitless parameter, and quadratic field dependence corresponds to χ (2) , which has the units of m/V and so on. In addition to the classical picture based on high-order electric susceptibilities, quantum mechanical picture, centered on energy and charge conservation, can also be used to describe the parametric nonlinear optical phenomena. In this view, by absorption or emission of photons, electrons gain or lose energy via transitioning through a ladder of virtual states, which are very short-lived and unobservable quantum states. While the classical description based on the electric susceptibility concept very well serves mathematical analysis purposes, quantum mechanical picture gives a more intuitive view and thus is usually utilized to qualitatively describe the nonlinear optical phenomena [176, 178] .
Two major classes of parametric nonlinear optical processes that are highly discussed in the literature are second-order processes, consisting of three-photon sumfrequency generation and three-photon optical parametric amplification (difference frequency generation), and third-order effects, including four-photon sum-frequency process and the four-photon parametric amplification [5, 176, 178, 179] . All of these processes rely on simultaneous absorption of multiple photons, which make their efficiencies very low unless the pumping sources have very high intensities [5, [176] [177] [178] . In addition, second-order nonlinear processes are not allowed in the systems that exhibit inversion symmetry, called centrosymmetric systems [5, [176] [177] [178] [179] . At macroscale, high nonlinear optical conversion efficiencies are commonly achieved by phase matching in birefringent materials [20, 25, 178] . Yet, typical large dimensions of these materials as well as their dependence upon the incident light polarization prohibit their use to fabricate chip-scale tunable nonlinear optical devices [20] .
During the past years, plasmonic systems have been considered a promising solution to address these issues [5, 20-31, 177, 179, 186-196] . There are two major reasons for this consideration: First, as mentioned, plasmonic systems can efficiently enhance excitation or emission processes. Second, the choice of material becomes much more versatile as, although second-order nonlinear optical processes are prohibited in bulk centrosymmetric materials, they are allowed at interfaces because of the broken symmetry. This allows the optical nanoantennas with noncentrosymmetric design to excite second-order optical response from a large range of materials even the centrosymmetric ones.
Commonly, enhancement of parametric nonlinear optical processes is achieved through augmenting of only the excitation rate at the fundamental frequency by single-resonant plasmonic systems [187] [188] [189] [190] [191] [192] [193] [194] [195] [196] . Yet, it has been shown that the enhancement factor can be much higher if we also simultaneously augment the emission process [186] , a task that can be accomplished only by multiresonant plasmonic systems with spatial mode overlap. Please note that if we have multiple pump wavelengths, the electronic transitions corresponding to each of these wavelengths can be separately enhanced through matching them with the system resonances. These concepts are schematically illustrated in Figure 10A and B, which represent the energy diagrams regarding the coupling of a multiresonant plasmonic system with a nonlinear material to enhance a three-photon sum-frequency process and a three-photon optical parametric amplification process, respectively. In part A, electronic transitions from the |0〉 state to the |1〉 state and from the |1〉 state to the |2〉 state are first induced by absorption of pump photons with respective energies of ℏω 1 and ℏω 2 in the nonlinear optical material. These transitions are augmented through the field enhancements provided by the 1 M′ and 2 M′ modes of the multiresonant plasmonic system. After being excited to the |2〉 state, excited electrons fall down to the ground state (|0〉) via radiative decay with the photon energy of ℏω 3 . The radiative decay rate can be modified through the coupling with 3 M′ mode of the plasmonic system. In part B, by absorbing the pump photons with the energy ℏω 3 , the system can be exited from the |0〉 state to the |2〉 state. This transition is enhanced through the electric field enhancement created by the 3 M′ plasmonic mode. Then, through stimulated emission of photons with the energy of ℏω 2 amplified by the 2 M′ plasmonic mode, these excited electrons fall down to the |1〉 electronic state. Finally, via radiative decay of photons with ℏω 1 energy, amplified by 1 M′ plasmonic mode, the system goes back to the ground state. Although the two examples discussed here were about second-order (three photon) nonlinear optical processes, similar enhancements by the multiresonant plasmonic systems can be realized for the case of third-order (four photon) processes. During the past recent years, scientists have utilized the idea exhibited in Figure 10A to enhance both second harmonic generation [20-26, 28, 29, 177, 179, 186] and third harmonic generation [30, 31, 179] processes. Feasibility of the idea presented in Figure 10B , i.e. enhancement of optical parametric amplification by multiresonant plasmonic systems, has also recently been demonstrated [27, 179] .
UC photoluminescence
UC luminescence is an anti-stokes type photoluminescence process in which low-energy photons in the infrared (IR) or near IR range can be converted into high-energy photons in visible or NIR range [173] [174] [175] [197] [198] [199] . Unlike parametric nonlinear multiphoton processes mediated by the transition into and from ultrashort-lived virtual states, UC luminescence relies on the excitation and emission transitions between metastable real states. In other words, a parametric nonlinear optical process requires a strict spatiotemporal overlap of multiple photons at different wavelengths for both absorption and radiation and thus is usually induced under pulsed laser excitation with a high optical density. Conversely, the UC luminescence can be generated by a sequential absorption and emission of multiple photons at the same location, which makes it possible to achieve UC luminescence using continuous wave laser excitation with a low optical density [172, 173, 197, 199] . Several mechanisms have so far been identified for multiphoton UC processes [172, 174, 175, 199] . The most elementary of these processes is excited state absorption (ESA). This process, which is illustrated by the energy diagram in Figure 11A , works on the basis of successive absorption of two or more photons by a single ion, called the activator. First, if the resonance conditions are met, the electron gets excited from the ground state to the first metastable excited state (denoted by |1〉) by absorption of a pump photon. Then, as this state has a rather long lifetime, the electron remains in it long enough to absorb the second pump photon, leading to its further promotion to a higher excited state (denoted by |2〉). Finally, a photon with a higher energy is emitted upon radiative relaxation. Please note that if the energies for the ground and excited states are not equally spaced, more than one pump wavelength is required for the described process. Yet being simple, ESA is a very low efficiency UC mechanism because of low concentration of UC ions dopants as well as their small absorption cross section. In addition, this process has a very low luminescence quantum yield (<%2) [172, 200] . The most common way to enhance the UC efficiency is to use one or more ions, called sensitizers, which have higher absorption cross sections in the neighborhood of the activator ion. The most efficient type of sensitized UC processes is energy transfer UC [172, 174, 175, 199] . In this scenario, which is depicted in Figure 11B , the activator ion excitation rate is enhanced through nonradiative resonance energy transfer from the sensitizer ion. The maximum efficiency happens when the sensitizer electronic transition matches both electronic transitions in the activator as is the case in Figure 11B . Despite their improved efficiencies, sensitized UC processes still suffer from the very low quantum yield [172] . In addition, the efficiency of all UC processes, including energy transfer UC, is highly dependent upon the excitation intensity such that they show much higher efficiencies when the incident power is large [173] [174] [175] .
During the past years, scientists have demonstrated that plasmonic systems can be used to enhance UC luminescence processes [32-34, 172-174, 197, 198, 201-209] . In general, these systems can improve the efficiency of sensitized UC processes in three ways: excitation rate enhancement, emission rate enhancement, and energy transfer rate enhancement [173, 174] . Most of previous study on plasmonic enhancement of UC luminescence is focused on single-resonant enhancement of either the emission process [198, [201] [202] [203] 208] or the excitation process [197, [204] [205] [206] [207] . Yet, the highest enhancement factors can be achieved when both of excitation and emission rates are simultaneously enhanced, which can be achieved by exploiting multiresonant plasmonic systems with spatial mode overlap [32, 34] . If the local field enhancement factors are large for multiple plasmonic modes, it is possible to achieve high UC yields even under the low optical excitation powers. Furthermore, through large enhancement of both emission and excitation rates in activator ions emitters using plasmonic system with spatial mode overlap, it is possible to directly make the ESA process efficient, without the need for any sensitizer [33] . This idea is illustrated in Figure 11C , which shows when an UC activator ion is resonantly coupled to a multiresonant plasmonic system with three spatially overlapped modes ( 1 2 , , M M ′ ′ and 3 M′ resonant at ω 1 , ω 2 , and ω 3 , respectively), the UC luminescence efficiency can be significantly increased through a simultaneous enhancement of both absorption processes at two fundamental frequencies (ω 1 and ω 2 ) and the emission process at the emission frequency (ω 3 ). By avoiding the use of sensitizers for efficient UC luminescence, we will be able to relax the selection of UC activator ions without considering the match of transition energy with limited choices of sensitizer ions. Indeed, it is possible as, by the proper geometric design, one can continuously tune the resonant energies of different modes in multiresonant plasmonic systems to match them with the transitions in the desired activator ion. In this regard, it is notable that while, theoretically speaking, UC can be achieved from most transition metals, lanthanides and actinides, only a few of them have so far been practically reported to give large UC luminescence efficiencies [172] .
Wavelength-multiplexed nanoplasmonic multimodality
Besides multiresonant enhancement of multiphoton nonlinear optical processes and UC luminescence, multiresonant plasmonic systems with spatial mode overlap will open interesting opportunities by enabling wavelength-multiplexed nanoplasmonic multimodality. Excitation of plasmonic modes can strongly enhance light-matter interactions at nanoscale that can lead to different types of optical processes or effects (Figure 12 ), including enhanced optical scattering in the far field, enhanced optical fields in the near field [44] , nanolocalized photothermal heating [210] , or transient generation of hot carriers in metal nanostructures [211] . Up to now, most works on plasmon-enhanced or plasmon-enabled applications focus on utilizing plasmonic effects at a single resonant wavelength range. By exploiting different resonant wavelength bands in multiresonant plasmonic systems with spatial mode overlap, we will be able to combine and merge several different types of plasmonics enabled/enhanced modalities into the same nanoscale devices. Such wavelength-multiplexed multimodal optical nanodevices may find significant applications in fields ranging from biotechnology, to renewable solar energy, and to optical information technology. Potential examples include (1) multimodal biophotonics nanotransducers for combined optical sensing and optical modulation of biochemical and biophysical processes with a subcellular resolution in in vitro or in vivo biological systems; (2) multimodal broadband light-harvesting substrates that can optically enhance photocatalysis processes in the hot spots and simultaneously achieve in situ optical spectroscopy monitoring of photocatalysis processes using another wavelength channel; and (3) wavelength-multiplexed nanoscale alloptical switches or modulators that can use light signals in a group of multiple wavelength bands to control light signals in another group of multiple wavelength bands. 
Conclusions and outlook
This review has summarized the important advances and potential applications in multiresonant plasmonics with spatial mode overlap. First, we introduced the basics of different types of plasmonic modes, the mode hybridization concept, and the geometrical symmetry effects on the optical properties of plasmonic systems. Compared with conventional single-resonant plasmonics targeting at the resonant enhancement of light-matter interactions at a single wavelength band, multiresonant plasmonics requires optical coupling between multiple elementary plasmonic modes to generate multiple new hybridized modes with distinct resonant wavelengths but with spatially overlapped mode profiles. Therefore, a general strategy for the design of multiresonant plasmonic systems is to closely assemble plasmonic building blocks into a composite plasmonic system so that the elementary modes with spatial and spectral overlap in the constitutive building blocks can strongly couple with each other to form new hybridized modes with a controlled energy splitting. In addition, deep understanding of geometrical symmetry effects on the near-field and far-field optical properties of composite plasmonic structures is required to design them in a way that not only provide the required spatial mode overlap but also enable an effective interaction between the plasmonic modes and the free-space light. Next, we discussed three types of multiresonant plasmonic systems based on the optical coupling between (1) two or more localized modes, (2) localized and delocalized modes, and (3) two or more delocalized modes. Among the three, the multiresonant systems based on the optical coupling between multiple localized modes in closely packed building blocks of metal nanostructure are the most studied type, which can be further classified into three subtypes by the geometric arrangement: (1) in-plane composite nanostructures, (2) core-shell composite nanostructures, and (3) out-of-plane composite nanostructures. A big advantage of the multiresonant systems using the localized-localized mode hybridization is their small footprint and overall volume, suitable for the creation of multiband optical nanodevices for applications such as optical transducers at nano-bio interface with subcellular resolution. Further development in such nano-confined multiresonant plasmonic systems may require a deeper understanding of the microscopic optical coupling mechanism between high-order multipolar LSP modes in building blocks. In contrast to the dipolar interactions between fundamental electric dipolar LSP modes, the coupling between the multipolar LSP modes tends to be more sensitive to effects such as the phase retardation beyond the quasistatic condition, the geometric symmetry breaking by reducing mode orthogonality, and the magnetic inductive coupling in the near-field.
For multiresonant plasmonic systems using the delocalized-localized mode hybridization, localized modes are typically LSPs associated with metal nanoparticles, while the delocalized modes can be plasmonic Bloch modes in periodic metal-dielectric nanostructures or surface diffraction modes of the grating structure. In particular, 1D and 2D periodic metal-dielectric nanostructures can be exploited as a versatile type of multiresonant plasmonic systems by supporting both localized plasmonic modes in confined metal nanostructures as well as delocalized Bloch plasmonic modes extended over the entire lattice. We can create periodic metal-dielectric nanostructures in a large variety of designs with many degrees of freedom, including multiple in-plane and out-of-plane unit-cell geometry parameters and multiple lattice periodicity and symmetry parameters, and choice of materials. Therefore, we expect that periodic metal-dielectric nanostructures can play a significant role in highly tunable and highly optimized multiresonant plasmonic systems for applications that do not require a device miniaturization for optimal operation. Further development in multiresonant plasmonic systems based on periodic metal-dielectric nanostructures requires a better understanding of the polarization and dispersion effects on the coupling processes between delocalized Bloch plasmonic modes and different types of LSP modes (including the fundamental dipole mode and other high-order multipolar modes).
Finally, we explained that multiresonant plasmonic systems with spatial mode overlap can play a unique role to enable two categories of applications, namely, (1) multiphoton nonlinear optical processes and UC luminescence processes by enabling simultaneous enhancement of both optical excitation and optical emission processes at multiple different wavelengths, and (2) multiband multimodal optical nanodevices by achieving wavelength multiplexed optical multimodalities at nanoscale footprint. For the first category, further advances are required in the following aspects, including (1) the development of a general fabrication strategy for the integration of functional materials (e.g. nonlinear optical materials, rareearth ion emitter doped materials, or correlated quantum materials) into high-field hot spots in multiresonant plasmonic systems, (2) a deeper understanding of the interplay between plasmonic enhanced emission and plasmonic enhanced excitation processes at multiple wavelength bands before and after the excitation saturation condition, and (3) a deeper understanding of the effects of the transient nanolocalized heating (phonon generation) and hot-carrier generation processes on parametric nonlinear optical radiation or multiphoton UC luminescence processes. For the second category of wavelength-multiplexed multimodal applications, there is a significant demand to figure out the ways to avoid or decouple the cross-talking of nanoscale plasmonic effects (e.g. enhanced far-field scattering, near-field optical enhancement, nanolocalized heating, and nanolocalized hot carrier generations) between different optical modalities at different operation wavelengths. Possible solutions may include applying the cross-correlation time gating and lock-in amplifier detection techniques.
